We want to understand the geometry of all irreducible components of the toric Hilbert scheme. Until now it is known that the coherent component is (up to normalisation) the toric variety associated to the state polytope of the toric ideal I A . For the non-coherent components it was only known that there exists such a polytope describing the normalisation. Using the local equations and various facts about toric Hilbert schemes, we will derive an explicit construction of the polytope corresponding to the normalisation of the underlying reduced structure of a given non-coherent component of the toric Hilbert scheme.
Introduction
The toric Hilbert scheme has been studied by Arnol ′ d [Arn89] , Korkina, Post and Roelofs [Kor92, KPR95] , Sturmfels [Stu94] , Peeva and Stillman [PS02, PS00] , Maclagan and Thomas [MT03, MT02] , and others. It is given by the multigraded Hilbert function of the toric ideal I A in Sk[x 1 , ..., x n ]. As defined in [Stu96] an ideal isomorphic to such an initial ideal of the toric ideal is called coherent, where isomorphic means that the corresponding algebras are isomorphic as multigraded k-algebras. Hence, the isomorphism classes of coherent A-graded ideals are in bijection with the cones of the Gröbner fan of I A .
The global equations of this scheme are in general very extensive, but Peeva and Stillman show that there is a cover of affine open charts around the monomial A-graded ideals and that the calculations of the local equations for these affine charts are much more feasible [PS00] . They show that the toric Hilbert scheme can have several irreducible components. However, there is a unique component containing the toric ideal [PS02] , which in fact contains exactly all coherent A-graded ideals. Therefore, this component is called the coherent component of the toric Hilbert scheme. Moreover, the normalisation of the coherent component is the toric variety associated to the Gröbner fan of the toric ideal [SST02] . A construction by Sturmfels [Stu94] shows that the underlying reduced structure of each irreducible component of the toric Hilbert scheme is given by binomial equations so that all these reduced components are projective toric varieties and therefore each of them contains a dense torus, the so-called ambient torus of that component. Thus, this implies the existence of a polytope P V for each component V of the toric Hilbert scheme such that the normalisation of this component is the toric variety associated to the normal fan of P V (Corollary 2.9).
A more detailed approach to this construction in combination with an overview on most of the results about toric Hilbert schemes can be found in the present author's doctoral thesis [Bir10a] .
Preliminaries
We will be using the lattice M := Z d with its associated vector space M Q := M ⊗ Z Q over Q and dual lattice N := Hom Z (M, Z) ∼ = Z d with corresponding Q-vector-space N Q := N ⊗ Z Q. We will work over an algebraically closed field k.
Let A be a collection of n vectors a 1 , ..., a n in M such that 0 ∈ M is not contained in their positive hull. One can also define A as a linear map of lattices A : Z n → M by e i → a i such that Ker(A) ∩ N n = 0.
We will often make use of both notations. We denote by NA the semigroup generated by a 1 , ..., a n in M. This is the image of N n under A. Furthermore, we suppose that A has rank d. Otherwise we can restrict M to the sublattice M ∩A(Q n ) in which A has full rank. Define a polynomial ring S := k[x 1 , ..., x n ] over k with an M-grading given by A. This just means that x i has degree a i . Furthermore, an element r ∈ S is M-homogeneous if every term of r has the same degree in the M-grading induced by A, and an ideal I ⊆ S is M-homogeneous if for every r ∈ I and its decomposition r = r a into M-degree parts, such that r a ∈ I holds for each a, where r a is the sum over all terms in r with degree a ∈ M.
Definition 2.1. An ideal I ⊆ S is called A-graded if it is M-homogeneous and dim k (S/I) a = 1 if a ∈ NA 0 otherwise (2)
holds for its multigraded Hilbert function. We call a k-algebra A-graded if it is of the form S/I for some A-graded ideal I.
A special A-graded ideal is the toric ideal I A , which is the kernel of the k-algebra homomorphism S → k[t ±1 1 , ..., t 
is generated by binomials and is by definition A-graded, because it identifies all monomials of the same degree. The toric ideal gives rise to a particular class of A-graded ideals.
Definition 2.2. An A-graded ideal I is called coherent if there is a degree 0 isomorphism between S/I and S/I A , i.e. there exists λ ∈ (k * ) n such that λ.I = I A .
Definition 2.3.
A binomial x u − x v ∈ I A is called primitive (or Graver ) if there are no proper monomial factors x u ′ of x u and x v ′ of x v with x u ′ − x v ′ ∈ I A . A degree a ∈ NA is called a primitive (or Graver ) degree if there exists some primitive binomial x u − x v with degree Au = Av = a and we denote the set of all primitive degrees by Pd(A). The set of all primitive binomials is called the Graver basis and we denote it by G(A).
In [MT02] and [PS02] , a scheme is constructed that parametrises all A-graded ideals, the so-called toric Hilbert scheme. We will give the definition of Peeva and Stillman [PS02] in which they use Fitting ideals (see [Eis95, Section 20 .2]). Let a ∈ Pd(A) ⊂ NA be a primitive degree. We denote the number of elements in the fiber of a under the map A by |a| + 1 and the set of all such monomials by Gm(A) a , and assume that we have ordered them. The Graver basis of A is finite, so that we have Pd(A) = {a 1 , ..., a l }. From this we define the following product of projective spaces over k
with projection φ : Y → P and the grading on O Y induced by the M-grading given by A on S. Hence, φ # is M-homogeneous and therefore we can write
where L a are coherent O P -modules and
where Fitt 0 (L a ) is the 0-th Fitting ideal of L a . For details on Fitting ideals we refer the reader to [Eis95] Definition 2.4. The toric Hilbert scheme is defined as
Remark 2.5. The parametrisation of the A-graded ideals is as follows: Each closed point of V (dets(φ)) is a product of points
is the corresponding A-graded ideal.
In [Stu94, Chapter 5] Sturmfels has constructed a parameter space of A-graded ideals which is not given by determinantal equations. He considers the projective product space
is the zonotope with edge length r = (n − d) 2 n · a d2 n . With the same notation for ξ ∈ P ′ as before in P he defined the closed subscheme P A ⊂ P ′ by the equations
whenever deg(m 1 ) = deg(m 2 ) = a and deg(n) = b. This is also a description of all A-graded ideals.
Theorem 2.6. There exists a natural bijection between the set of A-graded ideals in S and the set of closed points of P A . [ES96, Theorem 3 .1]) the reduced structure of each irreducible component, i.e. the variety given by the radicals of a covering of local rings, is given by binomial equations. This argument proves the following lemma:
Lemma 2.8. The underlying reduced structure of each irreducible component of the toric Hilbert scheme is a (not necessarily normal) projective toric variety.
Corollary 2.9. For each irreducible component V of the toric Hilbert scheme there is a polytope P V such that the projective variety of the normal fan of P V is the normalisation of V .
Definition 2.10. We call the dense torus of an irreducible component V of (H A ) red the ambient torus of V .
Lemma 2.11. Any torus acting on the underlying reduced structure of an irreducible component of a Toric Hilbert Scheme H A acts diagonally by scaling each coordinate.
Proof. The global equations of H A are a binomial ideal by Lemma 2.7. It follows from [ES96, Theorem 7 .1] that the associated primary ideals are also binomial ideals. Thus, the irreducile components are given by binomial equations. Using [ES96, Theorem 3.1] we get that also their radicals are binomials ideals. Hence, the underlying reduced irreducible structure of an irreducible component is given by binomial equations. Therefore, any torus must act diagonally. Thus, the coherent component is well known and described. For the other ones, the non-coherent components, we need local equations around monomial A-graded ideals for the toric Hilbert scheme. These have been presented in [PS02] . Fix some monomial A-graded ideal M. Then for every degree a ∈ NA there is a unique monomial s a which is not in M. This is called the M-standard monomial of degree a.
Definition 2.13. Let U M ⊂ H A be the affine open subscheme
This means we have chosen an affine chart for every P |a| in P and intersected these with the toric Hilbert scheme. Since it follows from the construction of the toric Hilbert scheme that Proof. Consider an arbitrary A-graded ideal I. Take any initial monomial ideal M of I. Then the M-standard monomial s a of degree a of M forms a vector space basis of (S/I) a for every a ∈ NA. Since therefore s a is not contained in I, which means ξ a sa = 0 for all a ∈ Pd(A), we have I ∈ U M . Lemma 2.16. Let V ⊆ H A be an irreducible component containing M. Then (U M ∩ V ) red contains the ambient torus of V red .
Proof. We may assume that V is already reduced. Let ξ be a point on the ambient torus of V . Then the corresponding A-graded ideal is
By Lemma 2.11 the ambient torus acts diagonally on the coefficients ξ a n , ξ 
In particular, the ideal F is generated by the maximal minors of matrices of the form 
(where we assume that s a = x m |a| ). Therefore, we have
and thus F is a binomial ideal. Construction 2.18 (Local coherent equations). The ideal M has a unique minimal set of monomial generators. We call this set G M = {f i | 1 ≤ i ≤ p M } where p M is the number of generators of M. Then for every f i there is an M-standard monomial of degree deg(f i ) which we call s i . Note that f i − s i is primitive because otherwise f i would not be a minimal generator of M. Consider the ring k[x 1 , ..., x n , y 1 , ..., y p M ] and the ideal J M generated by the set
We fix a term order ≺ x on S such that M = in ≺x (I A ) and an arbitrary term order ≺ y on k[y 1 , ..., y p M ]. Denote by ≺ the product term order of ≺ x and of ≺ y on k[x 1 , ..., x n , y 1 , ..., y p M ], which means
For each pair of binomials u and v in G M we form their S-polynomial
where h is the least common multiple of in ≻ (u) and in ≻v . This is a homogeneous binomial with respect to the M-grading induced by A on k[x 1 , ..., x n ]. Then we choose a reduction of 
Theorem 2.19. Let M be a coherent monomial A-graded ideal. Then
In the non-coherent case the description of U M is not so easy because we do not have a term order for which M is the initial ideal of I A . We can still compute k[Z]/F using Lemma 2.17, but Construction 2.18, which would be much more efficient cannot be used, since the proof uses the term order ≺ x and the reduction with respect to it. But Peeva and Stillman even enhanced this construction to the non-coherent case. They calculated the local ring of H A in the point M.
Theorem 2.20. The local ring of
There is even a similar construction to Construction 2.18 that uses Mora's tangent cone algorithm (see [Mor82] ) in a simplified way instead of the Gröbner reduction by G M . We end this chapter by giving the construction of I M for a non-coherent monomial A-graded ideal M.
Construction 2.21 (Local non-coherent equations). The first steps are exactly as in Construction 2.18. There is again a minimal set of monomials 
Now we can not fix a term order as before. We have to use the second reduction process from Peeva and Stillman in [PS00] .
Fix an order ≺ on the monomials of k[x 1 , ..., x n , y 1 , ..., y p M ] with y i ≺ 1 ≺ x j for all i, j. Note that this is not a term order since 1 is not the minimal element. Then f i is the initial term of each element in
If m is not divisible by any of the monomials f i then R(m, G M ) = m, otherwise we have m = f i · u for some i and monomial u. Then we reduce m to m 1 := u · y i · s i . We repeat this reduction until at some point we either get at some point some m p that is not further reducible by that method, in which case we set R(m, G M ) = m p , or we obtain a loop
where m i divides m j . Then we set R(m, G M ) = 0. This reduction is extended to polynomials by linearity. Note that the remainder of any monomial is either 0 or y e · s a for some standard monomial s a and e ∈ N p M . For each pair of binomials u and v in G M we form their S-polynomial s(u, v) as in Construction 2.18 and set
where s u,v is the standard monomial of degree of s(u, v). Then
Universal Families
We will now construct a so-called universal family that parametrises the ambient torus of a non-coherent component of the toric Hilbert scheme. For this let M be a monomial Agraded ideal. At first, assume that M is coherent. Then by Theorem 2.19 we can compute the local equations
Definition 3.1. We call the ideal
from Construction 2.18 the universal family of U M with defining ideal I M .
Note that by Lemma 2.17 the A-graded ideals that correspond to the points in U M are precisely given by J M for all (y 1 , ..., y l ) in the variety of I M .
We will now outline the construction of a new universal family that describes the ambient torus of the underlying reduced structure of a non-coherent component containing M. This is done in several steps. Firstly, we remove redundant variables from I M and J M (Construction 3.2). Then we construct the primary decomposition of the resulting defining ideal I ′ M to get the primary ideals q defining the irreducible components containing M (Propositions 3.5 and 3.7). Because the underlying reduced structure of each component is a projective toric variety we take the radical p = √ q for each of these primary ideals (Definition 3.8). Then we set the variables that are generators of p to zero in the universal family J ′ M (Construction 3.10). Now the prime ideal p has become a pure binomial ideal, i.e. containing no monomials, and we perform a change of the y coordinates in J ′ M so that p becomes trivial. By this we get a universal family that describes the ambient torus of the reduced structure of that noncoherent component without any defining ideal (Construction 3.12). Let us go through this construction step by step.
As seen in Construction 2.18, the ideal I M is a binomial ideal, which also follows from Lemma 2.7. Hence, the generators of I M may contain binomials of the form
for some exponents b j . Then we call the single variable y i a redundant variable, since we can remove y i from I M and J M by substituting y i by the product j =i y
Construction 3.2 (Removing redundant variables). Let J M be the universal family of a neighbourhood U M with defining ideal I M . Let y i be a redundant variable given by
Then we remove the redundant variable from I M and J M with the maps 
where p j (y) is the monomial into which y j has been converted by removing all redundant variables. Proof. Fix a primary ideal q i and take a point µ ∈ V (q i ). This gives an A-graded ideal
lying on the component V given by q i . Recall the action of the n-torus T = (k
for λ ∈ T which maps A-graded ideals to A-graded ideals. Hence, T acts on H A and the orbit of a point under the T -action lies in the same irreducible component as the point. Thus, the T -orbit of I lies in V . Furthermore, M was coherent so that there exists some
.., l} is the reduced Gröbner basis with respect to ω we get that
which is in fact an equality because both ideals are A-graded. This implies that M lies in the closure of the T -orbit of I by [Eis95, Theorem 15.17] and thus it lies on V .
So let the primary decomposition be
In particular, the closed points of V (q i ) substituted for the y variables in J Proof. The first statement follows from Remark 3.3 and that V (q i ) is an affine open subset of an irreducible component containing M, which by Lemma 2.16 is dense, so that V (q i ) is in fact the component. Furthermore, M is coherent so one component must be the coherent one. For the last part, since q i is generated by binomial differences, it contains no monomials exactly if (1, ..., 1) is in V (q i ). But this point corresponds to the A-graded ideal
which is the toric ideal I A , because {x m 1 − s 1 , ..., x m l − s l } is a Gröbner basis of I A with respect to a term order giving M as initial ideal. Thus V (q i ) contains the orbit of I A under the action of the torus T = (k * ) n which is the torus of the coherent component. Since I A only lies on the coherent component, the closure of V (q i ) is the coherent component.
Since the coherent component is already completely described by the state polytope of the toric ideal, we can ignore the primary ideal that corresponds to the coherent component and just consider the remaining q j 's containing at least one monomial generator. Now assume that M is a non-coherent A-graded ideal and we have computed J M and the local equations I M using Construction 2.21. Definition 3.6. Let M be a non-coherent monomial A-graded ideal. Then we call the ideal
from Construction 2.21 the universal family of U M with defining ideal I M .
Remember that this time I M only describes the local ring of the toric Hilbert scheme at
Now we are interested in the components of U M that contain M. So in our case we have
from Lemma 2.17. Note that each y i is one of the variables ξ a m ∈ Z. We denote the subset of these variables by Z small ⊆ Z. If we take some
But this means we get on the one hand
and on the other hand
where the isomorphism between k[y] y /F ′ and k[y] y /I M is the identity. However, recall that
and that in fact r(u, v) ∈ k[y] by construction. Thus, set the ideal
and the multiplicatively closed set S = k[y] \ y . Then we have
Now let
be a minimal primary decomposition in k[y] with prime ideals p i = √ q i . Note that, although I M is similar to I M in the coherent case before, the primary decomposition of it does not only give the components containing M. Therefore, we have to distinguish them further.
Assume that q i ∩ S = ∅ for i = 1, ..., m and q i ∩ S = ∅ for i = m + 1, ..., k for some m. Then by using [AM69, Proposition 4.8 + 4.9] we have that
are minimal primary decompositions. On the other hand,
is the saturation of I M considered as an ideal in k[y] with respect to k[y] \ y and moreover the saturation of F ′ . But the latter are the functions that do not vanish on the point (0), the point that corresponds to M. Hence,
give exactly the reduced components of H A , that contain M, intersected with U M . Note that again there might be embedded components.
These primary ideals give the following description of U M . 
Remark. Note that all components of U M containing M are in fact non-coherent and therefore all primary ideals contain a monomial generator.
From now on the construction is the same for coherent and non-coherent monomial ideals, since the primary ideals in Propositions 3.5 and 3.7 giving non-coherent components have exactly the same properties. We want to construct the polytope that defines the reduced underlying structure of a non-coherent component, so we fix one of these primary ideals q i and take the radical 
Remark 3.9. Since p = √ q we have
We now give a construction via torus invariant isomorphisms to get a universal family J M (p ) that gives an open affine chart of the component for all values of the remaining yvariables. This means we will perform a change of coordinates on the y's in J ′ M and p , that makes p trivial. Since the solutions of p give all A-graded ideals in the torus of that component we will get a new universal family where every set of values for y gives a point on that component.
Since p is a binomial prime ideal, a minimal generating set is of the form
for some i ∈ r and some b + , b − ∈ N r . Then the first step is to remove the y i 's in p and J
′ M
by just setting them to zero. Denote by r ′ the indices of the variables, that are not contained in p , and by J p the set of all j ∈ {1, ..., p M } such that y i | p j (y) for all y i ∈ p , i.e. all indices where p j (y) remains unchanged and is not set to zero. Then we remove the single variables by applying the map
to p , where we get
and by applying Id k[x] ⊗Ψ to J ′ M , where we get
Remark 3.11. For the open affine chart of V p containing M given by U M we get the isomor-
Because p ′ is prime, if looking at a generator y b + − y b − , the difference of the exponent vectors b := b + − b − is coprime. Hence, there is an isomorphism A ∈ GL(r ′ , Z) such that A · b = e 1 , the first vector of the canonical basis. This is equivalent to a torus invariant isomorphism
where A i denotes the i-th column of A. This means that on the spectrum of these rings Φ A gives an isomorphism on their tori. Using Φ A , we can map p ′ to some prime ideal
which differs only by a unit from
where Ab = (Ab) + − (Ab) − is the unique decomposition into two positive vectors. If we extend Φ A by the identity on the x i , we can apply it to the altered universal family
Here the y ′ terms have become Laurent monomials, as they might have negative exponents.
Construction 3.12 (Change of coordinates). Let y
′ be an element of a minimal generating set. Fix a matrix A ∈ GL(r ′ , Z) with torus invariant morphism
where we set y ′ 1 to be 1 and the new prime ideal
from which we also remove y ′ 1 − 1 since it has become zero. Lemma 3.13. Proof. Consider Φ A on the Laurent polynomials of both rings:
This induces the second isomorphism of
This means that the points (λ
The advantage of Lemma 3.13 is that the binomial y b + − y b − , that we have used to get A, is sent to y ′ 1 − 1 under Φ A . Hence, we can substitute 1 for y ′ 1 in Φ A (p ) and Φ A (J M ) and by this remove one more variable and one generator of Φ A (p ). The resulting prime ideal and universal family again satisfy the conditions for Lemma 3.13 and thus we can repeat this reduction until p has become the zero ideal. Thus, we can remove p with the following construction. 
Remark 3.15. The k steps in Construction 3.14 can also be done in one step by using one isomorphism over Z that maps to the torus. We have shown the removal of p step by step just for lucidity. Although, when implementing this construction one should use the single isomorphism over Z to the torus. Furthermore, one can combine algorithmically Construction 3.10 and the repeated steps of Construction 3.12 into one single morphism to the torus over Z.
Definition 3.16. Let M be a monomial A-graded ideal, J M the universal family of U M with defining ideal I M , p a prime ideal as in Proposition 3.5 or 3.7 defining the underlying reduced scheme V p of a non-coherent irreducible component containing M. Then we call the ideal resulting from removing the single variables in p as in Construction 3.10 and the reduction of J M by every generator of p as in Construction 3.14
i ∈ r(p ) the universal family of the component V p , where r(p ) denotes the remaining variables and b j ∈ Z #r(p ) are the resulting exponents. i ∈ r(p ) is isomorphic to the reduced irreducible component V p intersected with its ambient torus by substituting these points for the y variables in J M (p ). To be precise, the closed points of this irreducible component of the toric Hilbert scheme intersected with its ambient torus are exactly those A-graded ideals that are given by substituting a point (λ i ) i∈r(p ) ∈ (k * ) #r(p ) for the y variables in J M (p ).
Proof. The theorem follows directly from Lemma 3.13. Denote by A i the matrix of the i-th reduction and let V T p be the intersection of the reduced irreducible component, given by p , with its torus. Now we use the lemma at every step of the reduction to get the isomorphism between
A minimal generating set of p is finite, so after a finite number h of reduction steps we get Φ A h (...(Φ A 1 (p ))) = (0) because we have removed all generators, thus (k i ∈ r(p ) , i.e. the points of T p correspond to the points in the ambient torus of V p via J M (p ). We refer to T p as the ambient torus of the non-coherent component V p . Note that the ambient torus of the coherent component is the n-torus T = Spec(k[x ±1 ]) to which T p is the analog for a non-coherent component.
We now give a slight variation of Theorem 3.17 that avoids Laurent monomials. The universal family J M (p ) has the advantage that it defines the ambient torus of the non-coherent irreducible component on its own, which means we do not need any equations on the coefficients in y anymore.
We now apply Construction 3.14 to a monomial A-graded ideal where all steps of the construction of J M (p ) have to be done.
Then the toric ideal is
The Graver basis has 381 elements and there are 9588 monomial A-graded ideals, which were found by using the algorithm in [SST02, Section 1]. We choose the non-coherent monomial A-graded ideal
which has 22 generators. Therefore, the universal family for which we can construct the primary decomposition
The first primary ideal contains an element of k[y] \ y , so it does not define a non-coherent component containing M. Hence, M lies on 3 non-coherent components and all three of them are reduced. Therefore, p = y 4 , y 11 , y 12 , y 17 y 20 − y 21 y 22 defines an affine chart of a reduced irreducible component containing M. Now we apply Construction 3.10 to remove the single variables in p which gives p ′ = y 17 y 20 − y 21 y 22 and the new universal family
There is one more binomial generator y 17 y 20 − y 21 y 22 in p ′ left, which has the exponent vector (0, 1, 1, −1, −1) t in the remaining variables y 14 , y 17 , y 20 , y 21 , y 22 . Hence, we have to apply one isomorphism from Construction 3.12 to remove that binomial. Our choice for this is 
This means we get the isomorphism
, that maps y 14 → y 1 , y 17 → y 0 y 3 y 4 y 2 , y 20 → y 2 , y 21 → y 3 , and y 22 → y 4 .
Hence, Φ A (p ′ ) = y 0 − 1 and the universal family is mapped to
But now we have to set y 0 to 1 so that the universal family of the component V p is
Isomorphic Universal Families
So far, we have constructed universal families J M (p ) for every monomial A-graded ideal M which gives the ambient torus of some reduced non-coherent component V p containing M. Thus, if we want to describe all non-coherent components, we have to compute all universal families for each monomial A-graded ideal. But this means that we would construct for one non-coherent irreducible component different universal families, one for each monomial Agraded ideal in that component. Hence, we have to find a method to identify two universal families defining the same non-coherent component. Consider two monomial A-graded ideals M 1 , M 2 with two prime ideals p 1 , p 2 giving reduced irreducible components V p 1 , V p 2 of H A that contain M 1 and M 2 , respectively. Then we have the two universal families
where again
Recall that J p i are all indices in {1, ..., p M i } whose variables were not set to zero by the removal of single variables (Construction 3.10), and the b j , c j are the exponents of y and y ′ , respectively, of the remaining binomials after Construction 3.14. Note that we have already renumbered the coefficients, such that the new variables are y = (y 1 , ..., y r ) and y ′ = (y ′ 1 , ..., y ′ s ) with r = r(p 1 ) and s = r(p 2 ).
Lemma 4.1. Let J 1 and J 2 be two universal families as in (3) which parametrise the ambient torus of the same reduced non-coherent irreducible component of H A , then we have J 1 (y=(1)) = J 2 (y ′ =(1)) . This means the A-graded ideals given by the identity in J 1 and J 2 are the same.
Proof. If J 1 and J 2 parametrise the same A-graded ideals then there exists some point λ = (λ 1 , ..., λ s ) such that J 1 (y=(1)) = J 2 (y ′ =λ) . Now let x m − x n be a Graver binomial in J 1 (y=(1)) . Because they are equal, x m − x n ∈ J 2 (y ′ =λ) holds as well. But we have x m − λ w · x n ∈ J 2 (y ′ =λ) for some w ∈ Z s , so we must have λ w = 1 which is satisfied for λ = (1). This holds for every Graver binomial, so that J 1 (y=(1)) = J 2 (y ′ =λ) = J 2 (y ′ =(1)) holds, since by [PS02] or [Stu94] every A-graded ideal is determined by its coefficients of the Graver binomials.
Remark 4.2. Note, that in fact λ = (1) since the parametrisation by J 2 is an isomorphism. Furthermore, if the two families J 1 and J 2 are isomorphic then r = s as the dimension of the component is the number of remaining variables in the universal family.
On the other hand, consider two universal families J 1 and J 2 with equal ideals for the identity J 1 (y=(1)) = J 2 (y ′ =(1)) and let x m j − x n j be in J 1 (y=(1)) with x m j , x n j / ∈ J i . Since the fibers of the universal families in the point (1) are the same there is a unique b
In fact, this existence is not trivial so that we will construct b ′ j explicitly. For this we denote by
a decomposition into the generators given by J 2 (y ′ =(1)) where the p i (x) are polynomials in x. Then we split the p i into monomials and rearrange the summands to get the telescoping series
We may assume that all m i k are positive, because otherwise we interchange x u i k and x v i k . If we insert the appropriate terms from k[y ′±1 ] on the right hand side we get a telescoping series in
where we take the negative y ′ exponent if we interchanged the x terms. But then this telescoping sum equals x m j − y ′b ′ j · x n j , where
Hence, the exponent b Proposition 4.3. Let J 1 and J 2 be two universal families given by equation (3) such that J 1 (y=(1)) = J 2 (y ′ =(1)) . Set n 1 := #(J p 1 ) and n 2 := #(J p 2 ). Then there is an n 1 × n 2 matrix B 1,2 and an n 2 × n 1 matrix B 2,1 such that for the binomials
Remark 4.4. If, on the other hand, we start with the Proof. Recall that the number of x variables is n. We denote by n y and n z the number of y and z variables, respectively. Then the torus
n+ny+nz acts on k[x, y, z] coordinate-wise. Let λ = (λ 1 , ..., λ n , λ y , λ z ) ∈ T be arbitrary, where λ y and λ z denote the coordinates acting respectively on y and z. Note that (λ 1 , ..., λ n ) is in fact an element of the torus T that acts coordinate-wise on S = k[x 1 , ..., x n ]. By trivial extension to y and z such an element (λ 1 , ..., λ n ) also acts on k[x, y, z]. Then one can easily check that
is A-graded and in V p for every λ ∈ T and the n-torus orbit of an A-graded ideal in V p is an A-graded ideal in V p , we also have that
is an A-graded ideal in V p for every λ ∈ T . Moreover, the monomial ideal M ′ is given as the initial monomial ideal with respect to a weight vector ω ∈ N n+ny+nz . Hence, by using [Eis95, Theorem 15.17] we get that
is an A-graded ideal in V p and since M ′ is monomial, M 1 is too. For the second part, we fix the minimal set of generators {f 1 , ..., f l } of M 1 and denote by s i the standard monomial in the degree of f i . Since M 1 is a monomial A-graded ideal in V p , we get another generalised universal family
holds after a suitable change of y and z coordinates in J M 1 (p 1 ) as in Theorem 4.5. Because all s i are not in M 1 the z
together with a possibly empty set of monomials in k[x, y, z] is the reduced Gröbner basis of J M (p ) with respect to the term order ≺. To show this, we start with a pair of binomials
and compute their S-polynomial z m − x n reduces to zero via the binomials f i − s i for i ∈ J p 1 because both monomials reduce to the standard monomial in their common degree. But then we can use the telescoping sum (4) again to reduce z 
is a subset of the reduced Gröbner basis of J M (p ) with respect to ≺ that contains all binomials of the reduced Gröbner basis. Thus, the relative interior of the corresponding Gröbner cone σ is given by all ω ∈ Z n+ny+nz such that
for all x m i / ∈ J M (p ). But this holds exactly if
Before we give the last lemma needed for the proof of the theorem we state a short proposition we need for this lemma. Proof. The first step is that for y = (y j ) j∈r(p ) and z = (z j ) j∈r(p )
holds, since this is just the diagonal embedding. Secondly,
holds, because the relations on the x m i −n i are the same as the relations on the y b i . In fact, any relation between the x m i −n i can be interpreted as the reduction of an S-polynomial in two of them. But this is exactly the construction of the local equations which have been used for the base change to the y b i , so that these also satisfy these relations.
Lemma 5.7. Let V p be a reduced irreducible component containing an A-graded monomial ideal M and let b i | i ∈ J p be the exponent vectors in the generalised universal family obtained from M for this component. Then
holds.
Now let σ be a maximal cone in the normal fan of P , i.e. in the Gröbner fan. This gives an initial monomial ideal M ′ ⊆ k[x, y, z] of J M (p ), which in turn by Lemma 5.4 when substituting y = z = (1) gives a monomial A-graded ideal M 1 in V p . There are two cases, either M 1 is the original monomial ideal M we used to construct J M (p ) or M 1 is some other monomial ideal on that component.
For the first case, assume this monomial is M. Then by Proposition 5.5 the cone σ is given by {ω | ω, v i ≥ 0} for
Hence, we have that σ ∨ is the positive hull over Q of v i | i ∈ J p . The affine chart of V p , that contains M, is given by
see Remark 3.11. But by Lemma 5.7 we have
and the exponent vectors on the right hand side are the v i , the generators of the cone σ ∨ . Thus, if we denote by M σ := (Q · σ ∨ ) ∩ Z n+ny+nz the lattice of σ ∨ , we conclude that
is the normalisation of Spec k[y i | i ∈ r ′ ]/p ′ , the affine chart of V p containing M. Secondly, let M 1 = M. Then for the monomial ideal M 1 we get another universal family
where p 1 is the prime ideal that gives V p for M 1 . By Theorem 4.5 there is an isomorphism Φ :
], such that Φ(J M 1 ) = J M . Thus, if we apply Φ (extended to z ′ ) to the general universal family we get
Then Proposition 5.5 implies, as it did for M, that σ ∨ is generated by 
